FOURIER SERIES

1.1 Introduction

Fourier series introduced by a French physicist Joseph Fourier (1768-1830), is a
mathematical tool that converts some specific periodic signals into everlasting sinusoidal
waveforms, which is of utmost importance in scientific and engineering applications.

The Fourier series allows us to model any arbitrary periodic signal or function f(x) in the
forma—; + (a,cosx + a,co0s2x + -+ ) + (bysinx + b,sin2x + ---) the interval [C, C + 2!]
under some conditions called Dirichlet's conditions as given below:

(i)  f(x) is periodic with a period 2!

(ii)  f(x) and its integrals are finite and single valued in [C, C + 2]
(iii)  f(x) is piecewise continuous* in the interval [C, C + 21]

(iv)  f(x) has a finite no of maxima & minima in [C, C + 2]

* A function f(x) is said to be piecewise Y
continuous in an interval [a, b]. if the interval can
be subdivided into a finite number of intervals in
each of which the function is continuous and has y = f(x)
finite left and right hand limits i.e. it is bounded. \/ pr—
In other words, a piecewise continuous function is

a function that has a finite number of
discontinuities and doesn’t blow up to infinity X
anywhere in the given interval.

Thus any function f(x) defined in [C,, C;] and satisfying Dirichlet's conditions can be
expressed in Fourier series given by f(x) = ? + Yn=1aucosnx + Y,_q b,sinnx where
@q, @, bpare constants called the Fourier coefficients of f(x), required to determine any
function into Fourier series.

Periodic Functions

A function f(x) is said to be periodic if there exists a positive number T such that
f(x+T)= f(x)VxER.

Here T is the smallest positive real number such that f(x + T) = f(x) V x € R and is called
the fundamental period of f(x).

We know that sinx, cosx, secx, cosecx are periodic functions with period 2m whereas
tanx and cotx are periodic with a period 7. The functions sinnx and cosnx are periodic

with period z?n . while fundamental period of tan nx is E

Examplel Determine the period of the following functions:
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i. sin(5x + 3) ii. sin?x  iii. |[cosx| iv.sinx+ cosx
v. K , where K is a constant Vi. COS X + % Ccos 2x+ % COS;£
Solution: i. f(x) = sin(5x + 3)

sin 5x is a periodic function with a period z?ﬂ

= f(x) is periodic with a period 2?”

l1-cos2x 1 cos 2x

e I | _ .
il. f(x)=sinx=—-—=- -

: T : : : =3
cos 2x is a periodic function with a period ?H =

= f(x) is periodic with a period 7

iii. f(x) =|cosx| = VeosZx = |x| = Va?

__ |1+4cos2x
- 2

Now cos 2x is a periodic function with

. 2w
aperiod —=m
2

= f(x) is periodic with a period

Note: From the graph of [cos x|, period is
: = (si - T 2
iv. f(x) = (sinx + cosx) = V2 (ﬁsmx h 1ﬁcosx)
=2 (sm xcos + cos x sin :)
=+/2sin (x + Z)
Now sin x is a periodic function with a period 21
~ f(x) is periodic with a period 27
Or
Periods of sinx is 2w and period of cosx is also 2m

s f(x) is periodic with a period which is lowest common multiple (l.c.m) of
(2m,2m) = 2@

v. f(x) = K , where K is a constant
=2 f(x+T)=K=f(x)VXER

~ f(x) is periodic function, but fundamental period of f(x) i.e.T can not be defined
since it is the smallest positive real number.

vi. f(x) =cosx + i COS 2Xx+ % cos;—c
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. x :
Periods of cos x , cos 2x and cos 7 are 2m, w and 67 respectively.

= f(x) is periodic with a period which is lowest common multiple i.e.
(l.c.m) of (2m, r, 6mM) = 61

Example 2 Determine a sinusoidal periodic function whose period is given by:

i

=1A

..k

if.= .2 —k
2

Solution: The function sin nx is periodic with period f

o 2n
L. — =— =3n=2k
k n

- The required periodic function is sin 2kx
.. k 2 41
iiL-=— =2n=—
2 n k
. ST . .. Anx
- The required periodic function is sin—=
2n 2
n.2—k=— =sn=—
n 2-k

. o s . . . 2mx
-« The required periodic function is sin——

Example 3 Draw the graph of the following functions which are assumed to be periodic
with a period ‘4°, such that f(x + 4) = f(x)
i flx)==x 2 <2 i. f(x)=|x|, 2<x<2

Solution: i. Potting graph of f(x) = x in the interval (—2,2) and repeating periodically in
the intervals (—6,—2) , (—10, —6) on the left and (2,6), (6,10) on the right, since period of

fx) is given to be 4 units
P e 2 o o o
A /;’ /// 4 ///
® : - i e v e i e
10 8 6 4 = Z 4 6 8 10
5 i /." L P
s S o TR &

ii. Potting graph of f(x) = |x| in the interval (—2,2) and repeating periodically in the
intervals (—6,—2) , (—10,—6) on the left and (2,6), (6,10) on the right, since period of

f(x) 1S given to be 47 units
LY Pt 2 ol g
% s ™ /' N s F s ;
N 7 . p S P B
I - ~ - I ~- 5
-10 -8 -6 -4 -2 2 4 6 8 10
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Example 4 Draw the graph of the following functions which are assumed to be periodic
with a period ‘“T’, such that f(x + T) = f(x)

i f ={

3, 0<x<5

flx+10) = f(x)

i @ ={"% 05T fa+m=fm
0, 0<x<2

. f(x):!l, 2<x<4 Flx+6) = f(x)
0, 4<x<6

Solution: i. Plotting graph of f(x) in the interval (—5,5) and repeating periodically
taking period of 10 units

f(x) |

«— Period —»

- — ———— - + TR - e aw o S T g
i X
T T T T T T T T T
-25 -20 15 -10 =3 0f 3 5 10 13 20 25
- - —— — - A it * - - - - -— - — — -

ii. Plotting graph of f(x) in the interval (0,2m) and repeating periodically taking period

of 21 units

J®) o Period

iii. Plotting graph of f(x) in the interval (0,6) and repeating periodically taking period of 6

units
flx)
<— Period —
|
-12 -10 -8 -6 -4 -2 0 2 4 6 § 10 12 14

Page | 4

Scanned by CamScanner



If m, n are non - zero integers then:

. c+2mw . cosnx]€+2M
(1) I " sinnx dx = — [ ] =10

c n c
ik Cc+2m
(ii) J. " cosnxdx =0,n#0
c+2m . ; 0, m¥*n
i) [ sinmx.sinnx dx = {

c m, m=n
; c+2 00 m#n
(iv)  J. 7" cosmx.cosnx dx = {H m—n

c+2mw .
(v) J.77 sinmx.cosnx dx = 0

ax
(vi) J e sinbx dx = ——= (asinbx — b cos bx)
i ex :

(vi)  [e™cosbxdx = ~5z (@cosbx + bsinbx)

(vi1) sinnm =10
(ix) cosnm = (—1)"

(x) Integration by parts when first function vanishes after a finite number of
differentiations:

If u and v are functions of x
fuvdx =uvy — uVv, + uPv; —u®v, + .-
Here u™is derivative of u™~1 and v,, is integral of v,_,

For example

fat sinmx dx = () (- =) - 20 (-577) + @ (%F)

n2

= —x?cosx +2xsinx+2cosx

2
x“cos nx 2x sinnx 2cosnx
= - + +

n 1'12 n3

1.2 Euler's Formulae (To find Fourier coefficients a,, a, , b,, when interval
length is 2m)

If a function f(x) satisfies Dirichlet's conditions, it can be expanded into Fourier series given
a ’ 3 E
by f(x) =~ ?" RO AiE05TE 4 2oy DS i )

To find a,

Integrating both sides of (D with respect to x within the limits C to C+27

fcc+znf(x)dx = % CC”” dx + ff”"(awosx + a,co0s2x + -+ )dx +

_[C“zﬂ(blsinx + b,sin2x + -+ )dx
g J‘CC+2”f(x)dx = a?“ [x]&*2T + 0+ 0 using results (i) and (ii)
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=a2—°[C+2n'—C]:a0:rr
= a0= :_IJ‘C+2Hf( )dx

To find a,

Multiplying both sides of (' by cosnx and integrating respect to x within the limits C to
C+2n

J-C+2?I

f(x) cosnxdx = —f“z“ cosnx dx +

4

27
j (a,cosx cosnx + - a, cosnx cosnx + - )dx +

f“zﬂ(blsmx cosnx + +++ b, sinnx cosnx + -+ )dx

=3 IC+2 f(x)cosnx dx =0+ an_f "cos?nx dx + 0 using results (i),(ii),(iv), (v)

& [STHT(1 + cos 2nx) dx

sin2nx

C+2m
2n ]C

:%"[C+21I—C]:anfr

J‘C+21T

1
= a, = — f(x) cosnx dx

To find b,,

Multiplying both sides of (' by sinnx and integrating respect to x within the limits C to
C+2m

fC+2Hf(x) sinnx dx = —fﬁzn

» sinnx dx +

C+ ) _
f ﬁ(1111(:43'sx sinnx + ---a,cosnx sinnx + ---)dx +

fcnﬂ(bl sinx sinnx + - +b,, sinnx sinnx + -+ )dx

= fC+2nf(x) sinnxdx=0+0+b, _f " sin®*nx dx using results (i),(ii),(iii), (v)

= @f“zn(l — cos 2nx) dx

by [ sin ::.'1r1x]‘c"'2"'r

2 2n ¢

bn
:?[C+ZH—C]:bnn

i IC+2n

= b, = f(x)sinnxdx

Example 5 State giving reasons whether the following functions can be expanded into

Fourier series in the interval [—m, 7]
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A | .. |
1. Sin—- 11. COSeC X m. —

x 2—-x

. . P (A - Ha ( L 100 =
Solution: i. f(x) = sin-is not single valued at x = 0. Graph of Function: F(x)=sia(1/x)

X

.| ; 5 s f
Also graph of sin — oscillates infinite number

adjoining figure. .. f(x) is having infinite [l
number of maxima and minima in [, 7]. -1

0.5 1

of times in vicinity of x =0 as shown in m {
]

Hence f(x)= Sin% violates  Dirichlet's -0} ;

conditions and cannot be expanded into Fourier R o 4
series.

ii. f(x) = cosec x is not piecewise continuous in the interval [—m, ] as
lim,_ - f(x) = —o0 and lim,_ o+ f(x) = 400
Hence f(x) = cosec x violates Dirichlet's conditions and cannot be expanded into
Fourier series.
ii. f(x) = 5 18 not piecewise continuous in the interval [—m, ] as
lim,_,,- f(x) = 400 and lim,_,+ f(x) = —o0
. & x :
Hence f(x) = e violates Dirichlet's conditions and cannot be expanded into
Fourier series.

Example 6 If f(x + 2m) = f(x), find the Fourier expansion f(x) = x in the interval
[0, 2m]

s

: 1 1,1 1
Hence or otherwise prove that - — -+ -—=-+ - = —
1 3 5 7 4

Solution: f(x) = x is integrable and piecewise continuous in the interval [0, 2m].

~ f(x) can be expanded into Fourier series given by:

f(x) = f;—“ | B2 a@scoenx4 Y5 hiSHE D
1 (C+2m 1 27 1 [x2127
= ;fc f(x)dx :;fo xdx :;[?0 =Zn

i C+2 1 g2
iy = ;fc TI,f(x)Ct::as".,nxm!x:;fﬂﬂxccusnxcbuc

» %[(x) (sinnx) —) (—cosm)]:”

n n2

__1[_ sinnx | cosnx]?™
==|lx —+——

z
n n 0

21
1 Jcosnx i
=_[?] wsinnx =0whenx =0Qorx =2m
4 0
111 1
=_[§_§ =0 wcos2nm =1
T
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b, = = IC”Hf(x) sinnx dx

T

1 p2m v
= ;fﬂ x sinnx dx

-2l - oo ()

2w

X cosnx sinnx
=l =]
0

nZ
———[ ' sinnx = 0 whenx = 0 or x = 2m and cos2nm = 1
Substituting values of a, , a,, , b, in D

fx) xm—2

sin x sin 2x sin 3x
[ =]
2 3

Putting x = ;—ron both sides

1=

=m-2[2+0-2+0+1+]

1 1 1 1 T
—— ! E ses = —
1 3+5 ‘?+ 4

Example 7 If f(x + 2m) = f(x) , find the Fourier series expansion of

f(x)={

OJ_T[SxSU
x, IS y=sn

. 1 1
Hence or otherwise prove that ST = E
Solution: f(x) is integrable and piecewise continuous in the interval [—m, ).
~ f(x) can be expanded into Fourier series given by:

f(x) = ﬂ2_u + ¥ _,a,cosnx + Yn_, b,sinnx..... (D

a = 3 [ rdx =[50+ [Txax] =2[F] =3
an = if;ﬂnf&) cosnx dx

A

f_ﬂn 0 cosnxdx + [ x cosnx dx ]

( )(smnx) (1)( cosnx)]u

[ x sinnx cosnx]"
0

ol

A e

n n2

(- 1 ?
e i SR wsinnx =0whenx=0Qorx=m
| nZ2 n2

- .
_L[(—l)n—l]:[m ,nis odd
n ,nis even

A e
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b, = i _[;+2Hf(x) sinnx dx

:%[f_ﬂn() sinnxdx+_f;rxsinnxdx]

- 2[00 (222) - o (22

1 [ xcosnx . sin mr]:"r
T 0

+

n n2

:—3[”(_1) ] Sin:x =Q0whenx=0Qorx=m
T n n

. . (—1yn+ - ,nisodd
==l = ==

1 g
—— ,niseven

Substituting values of a, , a,, , b,, in D

T 2 [ cosx cos 3x cos5x sinx sin2x sin3x sin4x sin5x
f(x)g___[ + +...].|.[ — . _]
4 T 12 32 52 1 2 3 4 5

. T .
Putting x = S on both sides
T T 1 1 1
£ e g [l B g ]
2 4 1 3 5
1 1 1 1 T
= = — = - — ree =
1 3+5 '}'+ 4

Example 8 If f(x + 2m) = f(x), find the Fourier series expansion of

feo ={

cosx,—-m<x<0
sinx, 0<x<nm

Solution: f(x) is integrable and piecewise continuous in the interval [—m, ).

~ f(x) can be expanded into Fourier series given by:
f(x) = Z—“ 2 N0 g cosnE Y2 hisSinng . )
1 o042
a = - [ f)dx
_ 1o T
== [f_ﬂcosx dx + | smxdx]
= Z[sinx]%, — =[cos x]7
T ik T 0
= —l[ccusnr —cos0] = 2
T T
1 C+2m
an = = [, f(x)cosnxdx

1[0 :
:—[f COS X cosnxdx+fﬂsmxcosnxdx]
T by | 4 0

— in[f_"ﬂ [cos(n + 1)x + cos(n — 1)x]|dx + f;[sin(n + 1)x — sin(n — 1)x]dx]
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3 2 0 T
1 [sin(n+1)x sin(n—1)x 1 cos(n+1)x cos(n—1)x
:_[( )_|_ ( )] +2]- ( )+ ( )],n¢1
2 n+1 n-1 l_; 2m n+1 n—-1 0
1 cos(n+1)m cos(n—-1)m 1 1
= 0+—[- L + - L
21 n+1 n—1 n+1  n-1
_i[_ G G o) L T TR
T on n+1 n—-1 n+1  n-1
(-4 — 2] nisodd(n # 1) 0, nisodd(n#1)
_] 2m n+l n-1 n+1 n-1)"’ _{ i3
- 1[1 1 1 1 . - — 1
—[———-t———— ) nis even n(n2-1) "’ T8 tUeh
\ 2w Ln+1 n-—1 n+1 n—-1

[ 0 T
f_ncosxcosxdx +f0 smxcosxdx]

= i [ffn cos? x dx + %foﬂ sin 2x dx ]

= 1 E f_on(l + cos 2x) dx + %fﬂﬁ sin 2x dx]

T

sian]O " 1[ coszx]"
2 1, " 2n z g

= -ln]--1-1]=;

b, = i _ff”"f(x) sin nx dx

1|0 " . .
:—[_[ cosx smnxdx+f”smxsmnxdx]
T et [ 4 0

1

= ;[_[_ﬂn [sin(n + 1)x + sin(n — 1)x]dx + f;[cos(n —1)x —cos(n+ l)x]dx]

_ 0 . o . mT
=z L[cos(n+1)x+cos(n i)x] +i[sm(n 1)x_sm(n+1)x] n# 1
21 n+1 n-1 l_; 2= n—-1 n+1 lg
= =+=- st ol ms(n_ﬂn] +0 vsinnx=0whenx =0orx=m
2w ln+1 n—1 n+1 n—1
_ _il:i L _ (_1)n+1 _ (_1)?‘[—1]
T omlntr  n-1 n+1 n-1
s
—i[i+i—i—il,nisodd(n;&1) 0, nisoddn#1)
— 2w In+1 n—1 n+1 n—1 — —-2n ‘
S O S I : ———, Hisevet
\ 2m [n+1 Tos e t aal RATEVER w=1)
b= 2 _foﬂcosxsinxdx+ fonsinxsinxdx]
.
= L[L 0 g " sin2
= H[zf_nsmz:cdx+f0 sin xdx]
11,0 . 1 7
= ;[Ef_nsm2xdx+5f0 (1 — cos 2x) dx]
- _1_[::052)5]0 +i % _sinzxr
2w 2 -1 2m 2 0
1 1 1
——;[1—1]+§[H—0—0+0] =
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Substituting values of a,,a, , b, in (D

1 1 2 [ cos2x cos 4x 1 2| 2sin2x 4sin 4x
O e R R ]| + +-|

T

22-1 421 22-1 421
cos 2x cos 4x 2sin 2x 4sin 4x
:>f(x) _+1__[ & 2 __[ 2 Z '”]
22-1 4241 nl 22-1 42-1

Example 9 If f(x 4+ 2m) = f(x), find the Fourier expansion f(x) = e® in the interval
[_ﬂ:! 71-]

Solution: f(x) = e is integrable and piecewise continuous in the interval [—m, ).
. f(x) can be expanded into Fourier series given by:

fl) = ? + Yn-1ancosnx + Yp_q bysinnx ... ... @D

a, = % _fCHzﬂf(x)dx ::—r_f_nne“’fdx

_ Y aximr _ Lyran _ p-am) — 2 o
—an[e 1T, =—l|e e ]—Msmhcmr

= sinh x
am

C+2
= 3_[ 2T £(x) cos nx dx
_ 1T ax
==[" e™cosnxdx

Y [ St | 4

1 ;
= o [e® (acosnx + nsinnx)|™,
1

n(aZ+n?)

[e?™ (acosnm + nsinnm) — e~ (acosnm — nsinnm)]

= D" roan _ g-an) - 20CDT
"~ m(a?+n?) T n(az+n?)

b, = :—r ff””f(x) sinnx dx

sinh am

1 g %
==/ e™sinnxdx
v St | 4

1 .
e [e™* (asinnx —ncosnx)|Z,

1 3 — -
oy [e™ (asinnm —ncosnm) — e~ (asinnm —ncosnm)]

_ =n(-1)" [ i 2n(-1)"*1

_ pam] — :
" n(a?+n?) e ] (a?+n?) sinh am

Substituting values of a, , a,, , b, in @

(a?+12) ' (a2+22) (a%+3?) -

sinham |1 cosx cos2x cos 3x sinx 2sin2x
f = [ +2a [ * - +'"]+2[(a2+12) (a2+22)

IsinFral+32—...

1.2.1 Determination of Function Values at the Points of Discontinuity

A function satisfying Dirichlet's conditions may be expanded into Fourier series if it is
discontinuous at a finite number of points.
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Let the function be defined in (a, b) as
Hlx), Gox<x,

f@x)= {f}z(x), X, % &< b
1. To find f(x) at x = a or x = b (End points discontinuity)
Since f(a) and f(b) are not defined in the interval (a, b)

:f(@) = f(b) = Z[(RHL at x = a) + (LHL at x = b)]
AT :
= Jim /@ + lim f ()]
2. Tofind f(x) at x = x, (Mid point discontinuity)
Since f(x,) is not defined in the interval (a, b)

- f(xo) = [(LHL at x = x,) + (RHL at x = x,)]
- 10+ 1)

Example 10 If f(x + 27) = f(x) , find the Fourier series expansion of

_(—m,-t<x<0
f(x)_{ x. 0<x<n

1

- 1 1 1 =
Hence or otherwise prove that — 4 =4+—=4 =
p 12+32+52+72+ 8

Solution: f(x) is integrable and piecewise continuous in the interval (-, 7).

. f(x) can be expanded into Fourier series given by:

f(x) = % + Yr_iaycosnx + Yn—q bysinnx ... (D

1 [x?

Ay = i ICC+2ﬁf(X)dx = %[I_ﬂn —m dx + fﬂnxdx] =iz [?]0 = _g
an = i fcﬁznf(x) cosnx dx

= % [f_nn —m cosnx dx + [, x cosnx dx ]

— % [sfnnx]in +§[(I) (sfrmx) _ (1) (—c:znx)]:

n n

1 [ xsinnx  cosnx]™
_0+;|: n n? ]D
:1[¢—i2] wsinnx =0whenx =0Qorx=m
ml n n
-2 i
_ 1, axn_11_ )= ,nisodd
T mn2 [( 1) 1] - [gnz

,n IS even
C+2 7
b = §f6+ " f(x) sinnx dx

:1[jfn - sinnxdx + [ x sinnxdx]

T

2 (2 - 0 (2]

T n n
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- [ vrf- e

n

=555

=-[1-2(-D" =

— = ,niseven
n

Substituting values of a, , a,, , b,, in O

s 2 COSX cos 3x cos 5x
f(x)ﬁ'_;_;[ 12 t 32 t 52

Putting x = 0 on both sides

fO =-I-2[I+Z+Z+2+~]+0..@
Since f(0) is not defined in the interval (—m, )
~ £(0) = i [(LHL at x = 0) + (RHL at x = 0)]
1§ " m
= [xlgg_f (x) + Jim f (x)]
1[4 _ "
= ngl(l)f(ﬂ h) + limf (0 + h)]

1
T2

Using ®in @), we get

T T 2 1 1 1

—;——:—;[1+3—2+5—2+7—2+'"]
1 1 1 1 n?

2>§+3—2+5—2+7—2+"'=—

- ,nisodd

=0whenx=0orx=m

==[-mn+0] = —%

sin3x  sin4x ]
3 4

Example 11 If f(x + 2m) = f(x), find the Fourier series expansion of f(x) =x + x2 in

the interval (—, )

: L. X & 2
Hence or otherwise prove that 1+ =+ —+ =+ =+ - ==
22 32 42 52

Solution: f(x) = x + x? is integrable and piecewise continuous in the interval (-, )

~ f(x) can be expanded into Fourier series given by:

flx) = % + Xp=1 AnCOSNX + Xin—q bysinnx

a, = i j§+2nf(x)dx = %fﬁ(x + x2) dx

3

miL2 314 T

1[x2 231" 1 [273 272
==|—4+— — — z

1 fC+2
a; = ;fc " f(x) cos nx dx

1

[® (x + x?) cosnxdx
bl [ 4

T
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[(x 0 2) (smnx) (1 4 ZX)( casnx) i (2)( sunr*.wc)]_:‘.r

= %[(1 + 2x) cosnx],  sinnx =0whenx = - orx =7

= # [(1 + Zﬂ-) cosnm — (1 - 23"[) COS‘RR’] - COS(—nﬂ') = CcOoSnT

i a(-1)" — N is odd
=—|4n cosnm] = ———=1,
mn n =
— . niseven

ba= = 75 £(x0) sinnx dx
=" (x+x?) sinnx dx
=2+ () - 20 ((555) + @) (“’“‘")]_H
= e +x0) (222) + @) ()]« sinnx = Owhenx = 7 orx =m

-2 () (20 - oy (222 - 222

n3

v cos(—nm) = cosnm

2 ;
- nis odd

-1 —-2(—-1 n 2(—-1 n+1 1’

— 27 cosnm| = 7 20077 2

X B 4 — ,niseven

Substituting values of a, , a,, , b, in ©
CoS X cos 2x cos 3x cos 4x I sinx sin2x sin3x
fO) m T4 a -y cosir_costrjcostny |y p[Hhr_sinixy shax ]
2 3 4 | 1 2 3

Putting x = m on both sides

2 2 3 L ]
f) =T +a|-Sr 2 oy o 40 @

Now since f(m) is not defined in the interval (—m, )

: f(m) == [(LHL at x =) + (RHL at x = —m)]
= Jim G+ lim £(0)]
= i [Liﬂf(n —h)+ ’llii‘rtl}f(—n + h)]
= %[Li_l}g{(n —h)+ @ —h)? + (-m+h) + (-7 + )*}
:>f(n)=§[7r+?r2—n+rr2] =g .. 13
Using @in @), we get
N T
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1 1 1 1 T
=$:14-53*-554'Z;i'g;'+"‘—-:;

1.3 Fourier Series for Arbitrary Period Length
Let f (x) be a periodic function defined in the interval [C, C + 21] , then

flx) == + y*_ a,cos—+ ¥*_. b, smE ______ @
ag =7 fc”ﬂf(x)dx

iy = - _fcﬁﬂf(x) cosﬂdx

b, = _f“mf( ) sm—dx

Note: If the interval length is 2m, putting 2] = 2m i.e. = , then @D may be rewritten as
flx) = % + Yr_jaycosnx + Y7_, b,sinnx, which is Fourier series expansion in the
interval [C, C + 2m].

c+2m

Also a, = —f flx)dx
T, = if”znf(x) cos nx dx
b, = i_[”znf(x) sinnx dx

Example 12 If f(x + 10) = f(x) , find the Fourier series expansion of the function

) =S
fm‘{3 0<x<5

nmx

Solution: Let f(x) ~ = + Yo a,cos—+ ¥, b, sin——
Here interval is [-5,5], ~ 2l =10 =1[=5
Putting [ = 5in (D
flx) = —+Zancos—+2b snnﬂ ..@D
Qo :?fcﬁzif(x)dx = Ef_sf(x)dx = —_f Odx + = _f 3dx :z[ I3 =38
= %f:”lf(x) cos}T—xdx

1 75 nmx
=< [ f(x) cos——dx

5
=0

:—f Ocosnndx+ f3cos—dx_0+ [—s'n
0

nnx]

1 pc+2l :
. = ?fcﬁ f(x) sm%dx

1 5 . nmx
== [l sin—dx
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=§f_ﬂsﬂs mrxdnuc+ _[35 = dx

nmx 5

3
U——[— s, = —E[cosnﬂ—cos(}]

6
___[( 1) —1] = { ,nisodd
0 ,niseven

Substituting values of a, , a, , b, in @

f(x) % E [sm? + sins% + sins’HTJr 4. ]

1 3 5

3mx

=>f(x)=:§+§[sin”?x+ sin—+ sm:rrx-!- ]

Example 13 If f(x + 2) = f(x) , find the Fourier series expansion of the function

0<x<1
f(")_{n(z x) 1<x<2

Solution: Let f(x) = = + L Sl cos = 4 L e sm—
Here interval is [0,2], ~2l=2 =1=1
Putting [ = 1 in D

fx) = % + Y a,cosnmx + X, b, sinnax ... ...(D
Now ag = = fcﬁzif(x)dx = fozf(x)dx = _fol nxdx + flz (2 — x)dx
—n[—] +1r[ x——] :—-E-Jr[4—2 ¥, ] %4‘%27‘{
&= % fcﬁzi f(x) ccasﬂ dx = _f2 f(x) cosnmx dx
= fﬂl mx cos nmx dx + f1 (2 — x) cosnmx dx
- 1[0 ) - o . nla- (22 - o (]

- 1 5 2
xsinnmx | cosnmx sinnmx COSNTX

— & + ] +x [(2 - x) ( ) - ]
L 0 nm 1

nm n?m? n?m?
= [ (1" _n__1 —)"
=R O + n2g2 0 n2n2] t T[[ 0+ nznz]

= 2% [(-1D)" - ]_{n%, nis odd

222 e
nim 1 nis even

b, = %_[:”If(x) sinn!ixdx
= fj f(x) sinnmx dx

= f; mx sinnmx dx + ff m(2 — x) sinnmx dx
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- (x) ( cosmrx) %) ( ii:;nx)]l yor [(2 ) ( cosnﬂ:x) (-1) ( sin mrx)]j

ném?
[ JCCOSHTII sinnmx cCosnmx sinnmx 2
=m|- = —n (2—-x) 7
| nn nZn nzm2 Iy

= n:—%+0+0+0]—n[0+0—%+o]

= -ED"+ (DM =0

Substituting values of a,, a,, , b, in (D

4 3 5
f(x) o T [cosnx_l_cos 'n:x_l_ oS 5mx ]

2 /8 12 32 52

Example 14 Find the Fourier series expansion of the periodic function shown by the graph
given below in the interval (—2,2)

0, =2«
x, 0<x<?2

i

||-...
g

Solution: From the graph f(x) = {

Clearly f(x) is integrable and piecewise continuous in the interval (—2,2)
=~ f(x) can be expanded into Fourier series given by:
Letf(x)%—-l-zn_lancos 4+ Yo by smE
Here interval is (—=2,2), ~2l=4 =1=2
Putting [ = 2 in D

f(x)~—+2ancos—+2b Slnﬂ skl
2l L% 1
o =[P e =37 e =1, 0 e+ b =l = 1
=) cos™dx =1 [ () cos™dx

_ 10 nmwx
=-J_,0 cos==dx + fxcos—dx

=0+- [(x) (—sm E) - ( ~COS ﬂ)]z

2

-4
> .
2 nmx —, nisodd
= n2m2 [COS 2 = nZm2 [( l)n - 1] { 2m?
0 0, niseven

=ik @) sinTRdx =2 7 f() sin"dx

—f Osmmrxdx+ fxsmﬂdx
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2
1 2 nmx 4 . nmx
=0+-= [(x) (——cos—) - (— sin —)]
2 nm 2 n?m? 2 0
-1 nmx]? -1 2(~-1)nt1 i’ nis odd
= mlxeos T = Rl2-DM =T
i o B " — , niseven
nm
Substituting values of a, ,a, , b, in O
STX - X . 27X . 3MX . 4TX
1 4 |cos— cOs— cos— 2 |sin— sin—- sin— sin—-
f(x)z___ 2 2 +___ +_ 2 _ 2 2 _ 2 +"'
2 w?| 12 32 52 | 1 2 3 4
1 4 X 1 3mx 1 Smx 2 . X 1. . 1 . 3mx
= f(x) =-— —2[cos—+ =C0S— +—€0s—+ ] +—[sm———smrrx +—sm—...]
2 = 2 9 2 25 2 T 2 2 3 2

1.4 Fourier Series Expansion of Even Odd Functions
Computational procedure of Fourier series can be reduced to great extent, once a function is

identified to be even or odd in an interval (— l I) Characteristics of even/odd functions are

given below:

Even Function 0Odd Function
A function f(x) is said to be even if | A function f(x) is said to be odd if
f(=x) =f(x) f(=x) = —f(x)

Graph of an even function is symmetrical
about y -axis

Graph of an odd function is symmetrical
about origin

For an even function

J€ fO0dx =2 [ f(x)dx

For an odd function

)5 f)dx =0

Product of two even functions is even.
Product of two odd functions is even

Product of an even and an odd function is
odd.

Fourier coefficients of an even function are:
1 pc 2 cc
a =7 f_cf(x)dx =?fﬂ f(x)dx

a, = % f_ccf(x) cosnzﬂdx
2 rcC nmx
I-ro f(x) cos——dx

as f(x) and cos @ both are even.

b, = %fcﬁﬂf(x) sinﬁr—xdx =0

as f(x) is even and Sinn—:;u is odd

o f(x) = 24 By a, cosTE

Fourier coefficients of an odd function
are:

aq =!1f_ccf(x)dx =1

= %f_ccf(x) cosn!ixdx ={]

as f(x) is odd and COS% 1S even.

b, = % _f;”lf(x) sinn!ﬁdx
% foc Fix) sinntﬂdx

as f(x) and Sin% both are odd

nmx

# F(O) % Bgey by sin ==

Note: Properties of Even or Odd Function comply only if interval is (-1, 1) and any
function in (0, 21) does not follow the properties of even/odd functions. For example for
the function f(x) = x? in (0, 2m), Fourier coefficients a, , a, , b,, do not follow above
given rules of even/odd functions.
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Example 15 Obtain Fourier series expansion for the function f(x) =x3 in the
interval (—m, ), if f(x + 2) = f(x)

Solution: f(x) = x3 is integrable and piecewise continuous in the interval (—m, ) and
also f(x) is an odd function of x.
s ag = a, =0, f(x) can be expanded into Fourier series given by:

flx) = X0 B Sing 0 (D

2 . 2 .
by = = focf(x) sinnx dx = = J, x*sinnx dx

- 2o (22) - o) (2229 o (22 - o (2]

n n3

- % :(x3) (_ = M) + (6x) (msnx)]: * sinnx = 0 when x = 7 or 0

n n3

—clsmr) £ (6?1') (cos mr)]

n3

=22)4 o ()

()

~
=
w
St
F 3 O T

2

o f(x) =2 [— (_Tﬂz + 1%)] sinx + (_Tr

. +;%) sin2x — (}ﬁ+;—3) sin3x + ---

Example 16 If f(x + 2m) = f(x), obtain Fourier series expansion for the function given by
1+Z,-1<x<0

f(x)={ 2x

1-—, 0<x<m
m

Hence or otherwise prove that 1—12 + siz F siz + = %2
. 1-Z ,—r<-x<0 (1-Z, 72x20
Sol“mmf(_x):{ 1+Z,0<-x<n :{1+2;", L
f(=x) = f(x) ~ f(x) is even function of x
Note: f(—m) = —1, f(0) = 1, f(7) = —1
Plotting graph of f(x), we observe that it is i =

symmetrical about y-axis as shown in given figure.
Therefore the function is even.

Hence b, =0, f(x) = C;—“ Ny G COSTR vicuin )
ag = % fﬂﬂf(x)dx

2 (1-F)ar=2le- ], =2w-m=
ds= % fonf(x) cosnx dx
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= ifgn (1 ~ 2;3{) cosnx dx
- 2-2) () - () )

8
=4 rr_qyn _ 11 = |z isodd
(-1 1]-{

0,nis even

Substituting values of @, and @,, in (D

CcOSX | C053X | c0S5x
Fo0 = |5 + 5+ 5

Putting x = 0 on both sides

l==|s+5+5+]

2

1 1 1
SS+otote=T

Example 17 If f(x + 2¢) = f(x), find the Fourier series expansion of the function given by

f(x)_{—sint—x, —-c<x<0
- sin“—:, l=x<e
) sin%, —c<—x<0 sin%,cfzx?z(]
Solutmn:f(—x):{_sm%, US—ISC:[—Siﬂ%x, szz—t::f(:{)
f(—=x) = f(x) -~ f(x) is an even functionof x = b, =0
Also2l=2¢c =21l=c
flx) %a—°+§]§'=1ancosﬂ N ||
= —f f(x)dx—— 51n—dx_—§—[cos—]: :—i[—l—l]:—

__2J-c,nrx nn:xd
an—COSII'lCCOSC X

= %f; [sint—x(n +1) — sini—x(n - 1)] dx

1 c
=-|- (n+1)cos—(n+1)+ )cos—(n—l)]o,n¢1
=2 [ (n+ D + = cos(n — D + —|
=== +1)cos n T - cos(n — 1)m (n+1) P
. i '_ {_1)‘.'1'!-1 {_1)?{—1 1 _ 1 ]
T (n+1) (n=1) = (n+1) (n-1)
[ 1 1 .
_ ;_—E+E+m—n—] nisodd(n # 1) :{ 0, _?Lsodd(n;tl)
l L i L L = L] , n IS even w(n2-1) ” niseven
Tiln+l n-1 n+1 n—-1
a, = § foc sin”—: cos%dx = %fﬂc sinzixdx = [——cos 2’? .
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1[am2n-—am0]:-—ﬁ{1—1]:o

- 2w

Substituting values of a,, a,, in @D

2mx 4TXx 6TX

2 a|cos— ~cos— = cos——
f)~2-2 + + + o

T | 22-1 42-1 62-1

Example 18 If f(x + 2m) = f(x), obtain Fourier series expansion for the function given by
f(x) = |x| in the interval (—m, )

- 1, 1 1 2
Hence or otherwise prove that —+—=+—=+ -+ =
12 32 52

Solution: f(—x) = |-x| = |x| = f(x)
f(=x) = f(x) « f(x) is even function of x.

. -x, —-nt<x<(
Rewriting f(x) as |x| ={ " N ® & g
Being even function of , b, = 0,

fx) = % + Y= a,cosnx ... @D

24T
Gg = %fonf(x)dx :gfﬂﬂxdx:%[%o :%[nz] =7
= %fonf(x) cosnxdxz%f;rxcosnxdx
2 sinnx —cosnx\ ™
=2 (557) - 0 (55|,

2 2 Ko nis odd
= leosang’=—[(~D*—1] = {”“2’ .
0,nis even

Substituting values of a, and a,, in D

f(x) 3 g_ i[casx + cos3x + cosSx]

12 32 52

Putting x = 0 on both sides

T 411 1 1
U= lerbertt~]

1 1 1 m?
s—=-F=+=+4+:-=—
12 32 52 8

Example 19 Obtain Fourier series expansion for the function given by f(x) = |sinx| in
the interval (—m, w)

Solution: f(x) = |sinx| is even function of x
“b, =0, f(x)= % + Y =1 a,cosnx

N _ —sinx, — < x<0
Rewriting f(x) as |sin x| —{ sinx, 0< x<m

a, = %f;rf(x)dx
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= T
:Efnsinxdxz 22 [cosx] ==
m -0 s 0 T

2 2 .
s = ; fonf(x) cosnx dx = ; fon sin x cosnx dx

= % J, (sin(n + 1) x — sin(n — 1)xdx)

_ 1[_ cos(n+1)x , cos (n-D)x]"
[ ]

T n+1 n-1

+ _

1 [ cos (n+1)r  cos(n—-1)mr = cosO0 cos 0]
o n+1 n-1 n+1  n-1

T

_ l [_ (_1)n+1 (—l)"'l 1 1 ]
- b

n+1 n—-1 n+l1  n-1
1 1 1 1 1 . .
—[——+—+———],nzsadd(n¢1) { 0, nisodd(n+1)
zl n+1 n-1 n+1 n-1 _ i
1 1 1 1 i g . - _— 1
| e e e nis even T-n s T even

aln+1 n-1 n+1 n-1l"’

4, = %fonsinxcosxdx =ifonsin2xdx
=4 i 1 ;
= —[cos2x]§ = ——[cos2m —cos0] = ——[1-1] =0

Substituting values of ay, a,, in @D

2 4 [cost cos4x cOS6X ]

f) —n wlaz—1 T T e

= f(x) = % —%Ecost + %coﬂx + %costax + ]
Example 20 Obtain Fourier series expansion for the function given by f(x) = |cosx| in
the interval (—m, )
Solution: f(x) = |cosx| is even function of x
b =0, f(x)= % -+ Y0 A COSRX s @
—cosx, —-T<x<-—=
Rewriting f(x) as |cosx| =<{ cosx, —% <x< ;—r
—COSX, g <x<m

g = % fﬂnf(x)dx

_ = = 2 om _ 2r.. % 2r.. (3
== |2 Cosxdx-i—;fg —cosxdx = —[sinx]] —;[smxlg
— 2

. T i i i O 4
[Sll'l—— smO —SlI'IT[‘l'SlIl—] ——
T 2 2 T

m
an :if;f(x)cosnxdx = ifoz cosxcosnxdx+§f£—cosx cosnx dx
2

= if{?(cns(n + 1) x + cos(n — 1)xdx) —if;(cos(n + 1) x + cos(n — 1)xdx)

T
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. [sin (n+1)x
o T

sin (n—1)x]§ - | [sin (n+1)x  sin (ﬂ-l]x]TI
0

n+1 n-1 s n+1 n=-1 X
2
_ 1 [sin (n+1)§ sin (n—1)§ sin (n+1)§ sin (n—l)g (1)
T n+1 n-1 n+1 n—1
_ E[sin (n+1)— sin (n—-1)7 ] (n#1)
T n+1
0 ,nisodd (n#1) 0, nisoddn#1)
2 _ 4 —
;[—m‘l';] ; M= A1l w21 n=2,610..
2 -4 _
= E — ﬁ , m=4812.. S e 4812...

2 5 2
a; :;fonf(x) cosxdx = ;_fuzcosxcosxdx+;j§—cosxcgsxdx
2z
2 (= 2 2 @ 2
==[2zcos?xdx — =z cos? xdx
w70 i

= %fg(l + cos2x dx — %Er(l + cos 2x) dx

T

1 sinzx]z 1 sin2x]™
=—[x+ ]2 ——[x+ ]
T 2 1y m 2 IE

2

=22+ F-0-0-n-EZ=+ 2+
miL2 2 2 2

sinm sin2mw sinm

=0
Substituting values of a,, a,, in @D

fx) =

cosdx

42-1

2 [coszx

coS6X ]
22—1

™ 62-1

= f(x) = 3+i[1c:052x — L cos4x + —cosbx + ]
T m L3 15 35

Exercise 1A

1. If f(x + 2m) = f(x) , find the Fourier series expansion of the function
0,

fl) =y =

4’

Hence or otherwise prove that 1 + i e +

—nT<x<0
O<x<m

2. If f(x + 2m) = f(x), find the Fourier series expansion of the function

fo={"

T—X, n<x<(
T+ x, 0<x<m

:-'r2
8

Hence or otherwise prove that 1 tata + =
3. Find the Fourier series expansion of the functlon f(x) =x—x2%in (— T, Jr).
n.Z

101 1
Hence deduce that 1 —2—2+3—2—4—2+ e =
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4. Find the Fourier series expansion of the function f(x) = (e x) in (0, 2m).

5. If f(x + 2m) = f(x), find the Fourier series expansion of the function

1, —-1<x<0
1

f(x) = = x=0
x; 0<x<1
6. Assuming f(x) = x to be periodic with a period 2m, find Fourier series expansion of
f(x) in the interval (— T, T[).
7. If f(x + 2m) = f(x), find the Fourier series expansion of the function

fix) = {_::

)

—T<x<0
O<x<m

T

Hence deduce that 1 — l-i- 1 — 1 4 vee = 5

8. If f(x + 1) = f(x), find Fourier series expansion of f(x) = x in the interval (0,1).
9. If f(x+4) = f(x), find Fourier series expansion of f(x)=|x| in the

interval (—2,2).
10.If f(x + 2) = f(x) , find the Fourier series expansion of the function

-2, e I e |
fe ={ 2, 0<x<1
11.If f(x + 2m) = f(x) , find the Fourier series expansion of the function
n+X, —HSIS-%
=1 - S ¥
m—X, % <x<T7
12. find the Fourier series expansion of the function
X, 0<x<1
= 0, x=1

el x—2), 1<x<?2

T

Hence deduce that 1 —§+§—%+ e = =

4
Answers
1 f(x) = rlr_‘:_%[cc;s;x_l_co;zx_l_mﬁx_l_ ]+ [51:x_si1122x+sinsgx_ ]
2. f(x) = g_;[cch + m;j'x =d CO::x £ ] 4 4[3i111-‘¥ + sinzzx +sir133x " ]
0w [ gz ]
4. f(x) = _+ cosx+co:22x+c053x+ ]
5. f(x) ~ z_%[co;mc_!_coz:nx_[_cossinx_l_ ] _%[sinl::rx sin22mc sin:m: ]

in2x _ sin3x ]

sinx si
6. f(x) = 2 [ 1 2 3
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T.f(x) 25 %[si:x_'_sin;x +sir;5x+m]

8.f(x) ~5—=|

sin 2mx sin 4mx sin 6mx + ]

1 2 3
3nx SmX
c0S—  COS—
9.f(x) = 1——[ = 5 +]
8| sinmx sin 3mx sin 5mx
10.f(x)~—[ T S

2cosx _ cos 2x 2c0s3x  cos6x , 2c0s5x  cos10x
2 - Z + 2 - 2 + T
3 3 5 5

11. f(x)~—

sinmx sin 2mx sin 3mx g ]

12.f(x)mz[ -

1 2 3

1.6 Half Range Fourier Series in the Interval (0,10)
Sometimes it is required to expand a function f(x) in the range (0, 7) or more generally in
(0, 1) into a sine series or cosine series.

If it is required to expand f(x) in (0, [), it is immaterial what the function may be outside the
range 0 < x < [, we are free to choose the function in (—[, 0).

1.6.1 Half Range Cosine Series
To develop into Cosine series, we extend f(x) in (—[,0 ) by reflecting it in y — axis as

shown in adjoining figure, so that f(—x) = f(x), function -
becomes even function and b,, = 0 o s 2

“ () = %‘an— A, cosﬂ -1 |0 l

1.6.2 Half Range Sine Series
To develop into Sine series, we extend f(x) in (—[,0),by reflecting it in origin, so

that f(—x) = —f(x), function becomes odd function and \/\

a,=a, =0

() ~ Lgay by sin ™= -1 T’ z

Example 21 Obtain half range Fourier Cosine series for
f(x) =2x —1 intheinterval (0,1).

Solution: To develop f(x) = 2x — 1 into Cosine series, extending f(x) in(—1,0) by
reflecting it in y — axis, so that f(—x) = f(x), function becomes even function and b,, = 0

= flx) z%+2°§=lancos’ﬁr—x,.,_,_®
Here2l =2 . 1l=1
2 pl 1
ag= 7 fJof(x)dx =2J (2x-1)dx= 0

=2 [ (2x — 1) cosnmx dx
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= 2[(2x - 1) (F1) - (2) (=22)]
|

nis odd

4 =
=zl -1 = { '

0 ,nis even

Substituting values of a, , a,, in (D

8 | cosmx cos 3mx COs 5mx
f(x)%—;l: 12 + 32 + 52 +]
Example 22 Obtain half range Fourier Cosine series for f(x) = x sin x in the interval (0, )
1 i 1 -2
and show that — — — 4 — — ... = —
13 35 57 4

Solution: To develop f(x) = xsinx into Cosine series, extending f(x) in (—m,0) by
reflecting it in y — axis, so that f(—x) = f(x), function becomes even function and b,, = 0

f(x)~—+§] L@, COSNX ... ... @
a = = f[:rf(x)dx

2 Ef;rx sinxdx = % [(x)(=cosx) — (1) (—sinx)]|§

;2 [xcosx]T = 2

2 :
a, :;fn x sinx.cosnx dx

= if;rx [sin(n + 1) x — sin (n — 1x]dx

_1 —cos (n+1)x cos (n—-1)x sin (n+1) sin (n—1)\1"
om [(x)( (n+1) (n-1) ) (1 )( (n+1)? (n-1)? )]0

1 [_ x cos (n+1)x xccns(n—l).w:]“r

T (n+1) n-1

— ® [t e
o [ (n+1) + (n—l)]

0

T

. (_1)n+1 [ n"'l_n"'l] (_1)?1—1 — (_1)n+1

(n=1)(n+1)

_ 2{_1)]‘11-1

T (n-1)(n+1)’ n#l

2 (@ . 1 ,m .
a, == J; xsinxcosxdx = —["xsin2xdx

-2 (22) - (2229

=_—1[xc:052x]"'r =_—1[ﬂ'] :—%

f(x) =1- —COS’x + 2 [_ + 24 35 4.6 5.7

cos2x cos 3x cos 4x cos 5x cos 6x ]
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Putting x = gon both sides

C=142[S40-2 40+ 2+

1 1 1 mn—2

13 35 o7 4

Example 23 Obtain half range Fourier Sine and Cosine series for the function given by

X {]SjucsE
2

i) =
n—x,gsxsn

Solution: Fourier Sine series

To develop f(x) into Sine series, extending f(x) in (—m,0) by reflecting in origin, so
that f(—x) = —f (x), function becomes odd function and a, = a,, = 0

2R = YD by SRR o @

b, = %f;rf(x) sinnx dx

CREY

= =|[Zxsinnx dx + fx (m — x) sinnx dx]
L 2

0 (222 - (222 2 -0 (222 - - (22

n

" - T
X Ccosnx sinnx Cos nx sin nx

- + ] += [ (m —x) ]H

n n n2

:1IN

n
2

HIN

T nm
[——cos—+ —sm—+—cos—+—sm—
2Zn 2

0, whenniseven

4
:3[isinn_n]=i51nﬂ= m; n—l,s,g, -
n? 2 mn? 2 oy
?, n= 3, 7,11,

Substituting b, in (U
4 . 1 . 1. 1.
flx) = ;[smx — ;sin 3x + - sin 5x — - sin 7x ]

Fourier Cosine series

To develop f(x) into Cosine series, extending f(x) in (—m, 0 ) by reflecting it in y — axis,
so that f(—x) = f(x), function becomes even function and b,, = 0

“f) =2+ X5 aqcosnx ... @
= if[:rf(x)dx = %[fﬂgxdx + Er(rr — x)dx

= %_[:f(x) cosnx dx
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2
s E[fa;x cosnxdx + f« (m — x) cosnx dx]
% 2

-2 (22 - oo (22 + 2 (229 - o ()

2
2 [x sirmx cos nx

m
smnx cosnx
n ] oy [(T{_ n ]’T

ne

T

1 1 nm
[— n—+— 05——;——cosmr——sm—+— 0s—

=2 |2cosZ -1 - (-1)]

0, nis odd 0, nis odd
212(-1)-1-1, n=2610,.. = f n=2610,..
2(1)—1—1 n—4812 0, n=42812,..

Substituting a,, @, in @

2 6 10
f(X) E__[cos x+cos x+cos X

+ -
4

4 36 100 ]
_m 2[c032x coséx cosl0x ]

4 T 1 9 k 25 t

= U=x=
Example 24 Obtain half range Fourier Sine series for f(x) ={.,"

Solution: To develop f(x) into Sine series, extending f (x) in (—[, 0 ) by reflecting in origin
so that f(—x) = —f(x), function becomes odd function and a;, = a,, = 0

& ) = X2 B sinn!ix ______ @
= %f;f(x) sin#dx

nmx 12k

:%ffg in——dx + - f—(l—x) sm—dx

l

- 80 (- cos) - ) (L= +

l

[0 - x) (- Lcos™) = (=1) (- L sin )]

n2m2 1

4k [ 12 nm 12 . nm 1% nrm Ez
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8k

— =159 ..
8k nm nixs
s [Sn —_— = -8k —
n2m2 y. m , N = 3, 7, 11,
0, nis even

Substituting values of b, in (D

3w Smx i ?nx
fG) = oz [sin T = Ssin = + Lsin = e |

1.7 Practical Harmonic Analysis

In many engineering and scientific problems, f(x) is not given directly, rather set of discrete
values of function are given in the form (x;,y;),i = 1, 2,3, ..., m where x;’s are equispaced.
The process of obtaining f (x) in terms of Fourier series from given set of values (x;, y;). is
known as practical harmonic analysis.

In a given interval (0,21), f(x) is represented in terms of harmonics as shown below:
f(x)z%-!-z (ancos + by, s m—)
Where n = 1,2,3 give 1%, 2™ and 3™ harmonics respectively.
(al cos nl—x + b, sin erx) is the first harmonic
(a2 Coszéﬂ + b, sin ?f!ﬂ) is the second harmonic

(a3 Cosﬂi—x + by sin %) is the third harmonic

(an cos == + b, sin —) is the n™ harmonic
Fourier coefficient a, is computed using the relation
2 [Mean value of y in the interval (0,21) ]
= E i=1Yi . where m denotes number of observations
Similarly a,, and b,, can be found out using the relations

= 2 [Mean value of y COS— in the interval (0,21) ] = = X%, ¥; Cos—x

nmx;
L

b, =2 [Mean value of y smT in the interval (0,210) ] =— Y. ¥ sn

Also when interval length is 2m, putting 2l = 2mwie. l=m

fx) = a2—° + ¥r_.(a, cosnx + b, sinnx)

_ 2 vm _ 2 vm _ 2 vm .
Ay _; f:lyf' an _; Zf:lyf cosnx; , bn - ; Ei:lyf sSInnx;
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e The amplitude of first harmonic is given by /ai + b and similarly amplitudes of

second and third harmonics are given by \/ag + b2 and \/ag + b2 respectively.

e For f(x) in discrete form, values of Fourier coefficients a,, a,and b, have been
computed using trapezoidal rule for definite integration.

Example 25 The following values of “y’ give the displacement of a machine part for the
rotation x of a flywheel. Express ‘y” in Fourier series up to third harmonic.

x| 0° | 60° | 120° | 180° | 240° | 300° | 360°
y | 1.98 1215|277 |-022|-031] 143 | 1.98

Solution: Here number of observations (m) are 6, period length is 21 = [y]go = [y]3400
Let f(x) = % + Yn-1(a, cosnx + b, sinnx)

Ly R % + (a, cosx + b, sinx) + (a, cos 2x + b, sin 2x) + (a; cos 3x + by sin3x) ...[D

_ 2 vm _ 2 vm _ 2 vm .
Gg = — LiZ1 Vi Gn = LiZ1YiCOSNX;, by =— LT, y; sinny,

X; y; | cosx;| sinx; | cos2x; | sin2x; | cos3x; | sin3x;

0° | 198 | 1.0 0 1.0 0 1.0 0
60° | 215 | 05 | 0866 | -0.5 0.866 -1.0 0
120°| 277 | 05 | 0.866 | -0.5 | -0.866 1.0 0
180° | -0.22 | -1 0 1.0 0 -1.0 0
240° | -0.31| 05 |-0.866| -0.5 0.866 1.0 0
300°| 143 | 05 |-086| -05 |-0.866| -1.0 0

2

g =238,y = 2[1.98+215+ 277 - 022 - 031+ 1.4] = 2.6

a, ==XE, yicosx; = ~[(1.98)(1) + (2.15)(0.5) + -+ (1.43)(0.5)] = 0.92

by =2¥8,y;sinx; = =[(1.98)(0) + (215)(0.866) + - + (1.43)(—0.866)] = 1.097

a, =23, yicos2x; = =[(1.98)(1) + (215)(=0.5) + - + (1.43)(0.5)] = —0.42

6

b, = %Zfﬂyi sin 2x; = E[(1.98)(0) + (2.15)(0.866) + - + (1.43)(—0.866)] = —0.681

a; = 2%, yicos3x; = =[(1.98)(1) + (215)(—1) + -+ (1.43)(—1)] = 0.36
2

by = 2¥5., y;sin3x; = =[(1.98)(0) + (2.15)(0) + - + (1.43)(0)] = 0

6
Substituting values of a, , a,, , b,, in D wheren =1,2,3
y =134+ (092cosx + 1.097sinx) — (0.42 cos 2x + 0.681sin 2x) + 0.36 cos 3x + --
Example 26 Experimental values of y corresponding to x are tabulated below:
P I i B B o R U R

6 6 6 6 6 6 | 6|6 6 6
y | 298 | 356 | 373|337 | 254 | 155 |80 | 51 | 60 | 93 | 147 | 221 | 298

Express y in Fourier series up to second harmonic.
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Solution: Here number of observations (m) are 12, period length is 2w = [y], = [V]2x

Substituting values of a, , a; , by, a,, b,in @O

Let y =~ ﬂ+ (a, cosx + by sinx) + (a, cos 2x + b, sin2x) + --- @D

= - Ea—lyz s An = — El—lyl cosnx; , by, == E: 1Yi Sinnx;
X; | yi | cosx; | sinx; | cos2x; | sin2x;
0 298 1 0 1 0
g 356 | 0866 | 05 | 05 | 0.866
2?” 373| 05 | 0866 | -05 | 0.866
3 1a37| 0 1 | 0
E;
?’r 254 | -05 | 0866 | -05 |-0.866
5?” 155 -0.866| 05 | 05 |-0.866
™ | 80 | -1 0 1 1
i
= | 51 [-0866| -0.5 | 05 | 0.866
8?“ 60 | -0.5 |-0.866| -0.5 | 0.866
M les| o 5| 5| 0
0
Tﬂ 147| 05 |-0866| -05 |-0.866
HTR 2210866 | -05 | 05 |-0.866
312y, = <[298 + 356 + - + 221] = 404.17
= %12, yicosx; = =[(298)(1) + (356)(0.866) + -+ (221)(0.866)] = 107.048

El Lyisiny; =
Zl LYicos2x; =

El 1Y Sin2x; =

[(298)(0) + (356)(0.5) + -+ (221)(=0.5)] = 121.203

1
6
1
6

[(298)(1) + (356)(0.5) + - + (221)(0.5)] = —

[(298)(0) + (356)(0.866) + ---+ (221)(—0.866)] = 9.093

y = 202.09 + (107.048 cos x + 121.203 sinx) + (—13 cos 2x + 9.093 sin 2x) + -+

Example 27 The following table connects values of x and y for a statistical input:

X

0|1

2

3

4 |5

y

9|18

24

28

26 |20

Express y in Fourier series up to first harmonic. Also find amplitude of the

first harmonic.
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Solution: Here m = 6 , Also putting 2l =6 = | = 3 = |y],=¢ = |V],=¢ . if ¥ is periodic

LYy = —+ ) Jpis® l(ancos—+ b,s mﬂ)

:ymﬂ+(a1cos?+blsin?)+--- ...
= E[ ly[" al_-_ ZL lyf.cos __Zl ly[Sln_
X TX;
X Vi COST SEHT
0 9 1 0
1 18 0.5 0.866
2 24 -0.5 0.866
3 28 -1 0
4 26 -0.5 -0.866
5 20 0.5 -0.866
=256,y = 29+ 18+ 24+ 28 + 26 + 20] = 41.67

TX|

= 2%, yicosZh = 2[(9)(1) + (18)(0.5) + - + (20)(0.5)] = —8.33

mXj

=238, yisin=t = 2[(9)(0) + (18)(0.866) + -+ (20)(~0.866)] = —1.15

Substituting values of a,, a, , b; in @

=y ~ 20835 — (833 cos >+ 1.15sin%) + -~

The amplitude of first harmonic is given by /(—8.33)% + (—1.15)2 = 8.41

Example 28 The following table gives the variation of a periodic current over a period ‘T’

Tls‘f:z(‘) 0 | T/6 | T3 |T2| 213 | 5T/6 | T
Current(A) 1 98| 1.30 | 1.05 | 1.3 | -0.88 | -0.25 | 1.98
Amp

Show that there is a direct current part of 0.75 amp in the variable current. Also obtain the
amplitude of the first harmonic.

Solution: Let A ~ =+ ¥/_; a, cos™= + $2_, by sin 2= :

Herem =6, Also 2! =T = I:E

Znmt . 2nmt

+ Y=1bysin

e +En 1@y oS —

.. 2 : :
2> A~ — + a, cos T + b; s mit for the first harmonic... (D

211 211
aﬁzng,a&:;ZA s—t bi——ZA 5
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Time(t) Current(A) 2mt . 2mt
sec amp Cos T Sin T
0 1.98 1 0
T/6 1.3 0.5 0.866
T/3 1.05 -0.5 0.866
T/2 1.3 -1 0
2T/3 -0.88 -0.5 -0.866
5T/6 -0.25 0.5 -0.866

ap=2¥A=2[198+13+1.05+13-088—-025 =15
6 3

a, ==Y Acos 2= = 2[(1.98)(1) + (1.3)(0.5) + - + (=0.25)(0.5)] = 0.373
by =% Asin== = 2[(1.98)(0) + (1.3)(0.866) + -+ + (—0.25)(—0.866)] = 1.005

Substituting values of a,, a; , b, in @

2mt
T

: A~ 075 + 0373 cos ==+ 1.005 sin

Here % represents the direct current part and the amplitude of the first harmonic is given by
Jai +b?

~ A has a direct current part of 0.75 amp

The amplitude of first harmonic is given by /(0.373)% + (1.005)? = V1.1491 = 1.072

1.7.1 Harmonic Analysis for Half Range Series

If it is required to express f(x) given in discrete form (x;, y;),i = 1, 2,3, ..., m, taken in the
interval (0, 1) into half range sine or cosine series, we extend f(x) in (—[, 0) to make it odd
or even respectively.

Sine Series

To develop f(x) into sine series, extend f (x) in the interval (—/, 0 ) by reflecting in origin,
so that f(—x) = —f(x), function becomes odd function and a, = a,, = 0

“f(x) = Xz by sin"!ﬂ
B2 2 [Mean value ofysing in the interval (0, [) ] = % Y Sin@

Note: To express f(x) into sine series, y; must be zero, otherwise it cannot be reflected
in origin.

Cosine Series

To develop f(x) into cosine series, extend f(x) in the interval (—1,0 ) by reflecting in y-
axis, so that f(—x) = f(x), function becomes even function and b,, = 0

nmx

s f(x) = ﬂ?“+2',’,§=1 p COS——
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a, = 2 |Mean value of y in the interval (0, 1) |

2z [v1+Ym
mlL 2

+y, +ys o+ ym-l] ______ using trapezoidal rule

a, =2 Mean value of y cos% in the interval (0, 1) ]

nmwx

(v, cos“—?+ym cos—;

nmx
[

2 nmTx nmx
= . +y; cosT+ V3 cosT+ wed b Yo q COS

n=123..
Example 29 The turning moment *M~ units of a crank shaft of a steam engine are given for a
series of values of the crank angle ‘6 in degrees. Obtain first three terms of sine series to
represent M. Also verify the value M from obtained function at 8 = 60°
6 |0°] 30° | 60° | 90° |120° |150°
M| 0 | 5224 | 8097 | 7850 | 5499 | 2656
Solution: Assuming M periodic, to represent into sine series (half range series), extending

M in the interval (—180°, 0) by reflecting in origin, so that M(—8) = —M (@), function
becomes odd function and a;, = a,, =0

sM Yoo by sin#

Herem =6 ,Also2l=2n=Il=mn

=M= )5_,b,sinnd

= M = b, sin@ + b, sin 260 + b; sin 30 + ---
bn:EEMsinne,n:Lzs

7] M sin@ sin 26 sin 36

0° 0 0 0 0
30° 5224 0.5 0.866 1
60° 8097 0.866 0.866 0
90° 7850 1 0 -1
120° 5499 0.866 -0.866 0
150° 2656 0.5 -0.866 1

b, =% Msin8 = [(0)(0) + (5224)(0.5) + - + (2656)(0.5)] = 7850

b, = %z M sin28 = %[(0)(0) + (5224)(0.866) + -+ (2656)(—0.866)] = 1500
b; = %z M sin36 = Z[(0)(0) + (5224)(1) + - + (2656)(1)] = 0
~ M= 7850sin6 + 1500sin268 +0 + -
When 8 = 60°, M ~ 7850 sin 60° + 1500 sin 120° + 0 + --
~ 7850(0.866) + 1500(0.866) + -

~ 8097.1
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Example 30 Obtain half range Fourier cosine series for the data given below:

Also check value of y at x = 2 from the obtained cosine series.

X

0]1]2

3

4

5

y

41811

15

12

7

Solution: Assuming y periodic, to represent it into half range cosine series, extending y in

the interval (—6,0 ) by reflecting it in y-axis, so that y(—x) = y(x), function becomes even

function and b, = 0

an:
a; =
a, =
a_z
37 ¢

cn||\.> N oW
F F

a X nmx
fy = 4 Xiey @y COS—

Herem =6 ,Als02l=12= 1 =6

_ g A nmx
S y= + Y, Gn cos——

0 b 21 3w
>y = a?-f-al cosf+a2cos?x+a3 cosTx+
2 +¥Vin

Qg =m[y1 4 Yy + Y3+t Ve 1]

a, = %[h ST J;ymcosT + ¥, COS— + Y3 cos— + o+ Py COS—

n=123..
cosE 2nx 3mx COSE 2mx 3mx
X; | Vi 6 COST COST ¥ 2 ycosT ycosT
04| 1 1 1 4 4 4
1|8 0866 | 05 0 | 0.6928 4 0
2 11| 05 | -05 -1 55 5.5 5T
3[15] 0 1 0 0 15 0
4]12] 05 | 05 1 6 6 12
5] 7]-0866| 05 0 6062 | 35 0
=248+ 11+15+ 12| =3[515] = 17.2
276962 | 0.6928 + 5.5 + 0 — 6] = 2[-0.8382] = —0.2794
2+ 4-55-15-6|=2[-18.75] = —6.25
Z2r0-11+0+12|=2[3] =1
oy ~ 8.6 —0.2794 cos ™= — 6.25 cos = + cos T + -
When x = 2,y ~ 8.6 —0.2794 cos?n - 6.25 cosf 1 cos?ﬂ +
~ 8.6 — 0.2794(0.5) — 6.25(—0.5) — 1 + -
~ 10.5853
Page | 35

Scanned by CamScanner



2

Exercise 1B

. Find half range Fourier cosine series expansion of the function

f(x) = (m = x) in the interval (0, )

Find half range Fourier cosine series expansion of the function
f(x) = sin "!—x in the interval (0,1)

Find half range Fourier sine series expansion of the function

f(x) = e* in the interval (0, 1)

. Find the Fourier sine series expansion of the function

1 1
- 0<x<;

flx)=4*

3 1
xX—-, -<x<1
4 2

. The following values of *y’ give the displacement of a machine part for the rotation x

of a flywheel Express “y’ in Fourier series.

x|0%[30°] 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330°

y|70|886 | 1293 | 1400 | 1307 | 814 | -70 | -886 | -1293 | -1400 | -1307 | -814

Express y in Fourier series up to third harmonics.

y is a discrete function of x, given as below:

x| 0°]60°[120° | 180° | 240° | 300° | 360°
y|08|06 [04 |07 09 | 1.1 | 08
Express y in Fourier series up to first harmonic.

. Obtain Fourier sine series of y for the data given below:

x|[o]1[27]3]4]5]e
ylol10]15[8]5]3]0

Following values of y give the displacement of a certain machine part for the
movement x of another part:

m |20 | 3m | 4w | 5w
x|0| - | —m| —| — | — |
6 6 6 6 6

y 0192144178 [173]|11.7(0
Express y in Fourier series up to second harmonic.
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